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1. Introduction

We let A to denote the class of all analytic function of the form

flz2)=z+ Z cpz™ (1.1)
n=2

in the open unit disc U = { z:z € C; |z| < 1}. Also we let § to denote the subclass of A which
are analytic and univalent in ‘U. We denote by §*, C, K and C* the familiar subclasses of A
consisting of functions which are respectively starlike, convex, close-to-convex and quasi-
convex in U. For detailed study on the development of various studies on univalent function

theory, we refer to [5, 8].

Let f(z) and g(z) be analytic in U. Then we say that the function f(z) is subordinate to g(z) in
U, if there exists an analytic function w(z) in U such that |[w(z)| < |z| and f(2) = g(w(2)),
denoted by f(z) < g(z). If g(z) is univalent in U, then the subordination is equivalent to
f(0) = g(0) and f(U) < g(W).

In 1908, Jackson [9] reintroduced the Euler-Jackson g-difference  operator
f(2) - f(q2)
z(1-q)
where C denotes the set of complex numbers. The limit as g approaches 1~ is the derivative

Dyf(2) = (z € U—{0} g € C\{0}),

lirquf(z) = f'(2),provided the derivative exists. For example,
q—)

z" —(qz)*

D,(z*) = a0 - [a],z* L a €C,

where

If £(2) is of the form (1.1), a simple computation yields

D f(z) =1+ z [n],anz" ", (z € W), (1.2)
n=2

and D, f(0) = £'(0), where q € (0,1). The application of g —calculus was initiated by Jackson

[9, 10]. He was the first to develop the g —integral and g —derivative in a systematic way. Later,
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geometrical interpretation of the g —analysis has been recognized through studies on quantum
groups. Simply, the quantum calculus is ordinary classical calculus without the notion of limits.
It defines g —calculus and h —calculus. Here h ostensibly stands for Planck’s constant, while g
stands for quantum. For study on the development of g-claculus in slow motion, we refer to [6].
And a comprehensive study on the applications of g —calculus in the operator theory may be
found in [2].

The g-hypergeometric series was developed by Heine as a generalization of the hypergeometric

series

o]

n b n
2F[a, b; c|q, z] Z EZ Z% EC Zg z" (1.3)

where the g-shifted factorial is given by

. B 1, n=20
(@ = {(1 —a)(1-aq)..(1—-aq™ ), n=1,23,..

and it is assumed that ¢ # g™ for m = 0,1, 2, .... Generalizing the Heine’s series, we define
r¢, the basic hypergeometric series by

(al; q)n (aZ; CI)n v (ar; q)n
- (bl; Q)n(bZ; Q)n e (bs; Q)n(q' q)n

]HS " (1.4)

9, = [( 1yl

with (721) = n(n D where g # 0 when r > s+ 1. In (1.3) and (L.4), it is assumed that the

parameters b, bz, ..., bs are such that the denominators factors in the terms of the series are never

Zero.

For complex parameters ay, ..., a,and by, ..., bs(B; € C\Zy;Zy = 0,—1,—2,..; j = 1,...,5), we

define the generalized g-hypergeometric function ,%¥.(ay,...,a,; by, ..., bs; q,z) by

(al;q)n(QZ;Q)n- ( ) Q)n oy
@ On bz D i

(r=s+1;,rseNy=NU{0} z€e U,
where V' denotes the set of positive integers. By using the ratio test, we should note that, if

T\PS(al,az, ...,aq; bl,bz, ...,bs; q,Z) =

|q] < 1, the series (1.5) converges absolutely for |z] < 1 and r = s + 1. For more mathematical

background of these functions, one may refer to [7].
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Corresponding to a function G, ;(a;, b;; q,z)(i = 1,2,...,7; j = 1,2,..., s) defined by

gr,s(ab bj; q,Z):
=z ,Y.(ay,ay,..,a,;by, by, ..., b q,2) (1.6)

We now define the following operator 73" (aq,b1; q,2)f : U — U by
Ji(ay,bi; q,2)f (2) = f(2) * G, s(ai by; q,2)
Ji(ay, by; q,2)f(2)
= (1= (f(@) * Grsai by 4.2)) + 22D, (f(2) * Grs(ar by 4.2))  (17)
Ji (a1, b1; q,2)f (2)
= 3} (97 (aw,bs; 4.9f (@) (1.8)

If f € A, then from (1.7) and (1.8) we may easily deduce that

J}T.n (alt bl; q, Z)f

— 24 z [1= 2+ [n]gA]" Ycuz" (1.9)

n=2
(me N, =NU{0}and A = 0),

where

_ (at; Pn-1(az; Qn-1 - (@r; Pn-1
(q; Q)n—l (bl; Q)n—l (bs; Q)n—l

(gl < D).

n

Remark 1.1 We note that the linear operator (1.9) is g-analogue of the operator defined by
Selvaraj and Karthikeyan [12]. Here we list some special cases of the operator J," (a1, by; q, 2)f.
1. For a choice of the parameter m =0, the
operator Jf (a1, B1)f (2) reduces to the g-analogue of Dziok- Srivastava operator [4].

2 For a; =q%b =q",a,p €CPB #
0,-1,-2,..,(i=1,..,r,j=1,..,5) and g = 17, we get the operator defined by Selvaraj and
Karthikeyan [12].
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3. For m=0,ai=q“i,bj =qﬁi,ai,ﬁjE(C,Bj¢0,—1,—2,...,(i=1,...,r,j=1,...,s)
andg — 1, we get the well-known and famous Dziok-Srivastava operator.

4. For r=2,s=1;a; = bj,a, =q and A =1, we get the g-analogue of the well
knownSalagean operator (see [11]).

Also many (well known and new) integral and differential operators can be obtained by

specializing the parameters.

Using the operator J}'(ay,by; q,2)f, we define 7" (b;aq, by; q; A,B) to be the class of
functions f € A satisfying the inequality

. ( I (ay, by; 0.2)f ) - 1+ Az

J7(ay,by; q,2)f 1+ Bz’

where b € C\{0}, A and B are arbitrary fixed numbers,—1 < B <A <1, m € N,.

z €, (1.10)

We note that by specializing m, 4,r,s,aq, by, 4, B in the function class7;" (b; aq, by; q; A,B) ,
we obtain several well-known and new subclasses of analytic functions. Here we list a few of
them:

1. If we let A1=1r=2,s=1, a;=bjay=q and gq—- 17, then the class
™ (b; a1, by; q; A, B) reduces to the well- known class

DMHf(2) 1+ Az
( -1 < ,
b* D™ f(z) 1+ Bz
where D™ f is the well- known Salagean operator. The class H™(§; A, B) was introduced and
studied by Attiya in [3].
2. For a choice of the parameter A=1, r=2,s=1,a;, =bj,a=q,q—>1,A=1and

H™(b;A,B):={f: fEAL+— z €U}

B = —M, the class 7™ (b; a1, by; q; A, B) reduces to the class

Dm+lf(Z)
-1 - /7
b + D™ f(2)

b

H™(b;M):={f:f €A, —M| <M,z €U}

where M > % The class H™ (b; M) was introduced and studied by Aouf, Darwish and Attiya in
[1].

Apart from the above, several other well known and new classes of analytic functions can be

obtained by specializing the parameters involved in the class ;™ (b; a4, by; q; A, B).
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2. Coefficient estimates
Theorem 2.1 Let the function f(z) defined by (1.1) be in the class 7" (b; a4, by; q; A, B) and
letI;, = |(A— B)b — BA([n], — 1)| — A([n], — 1).

(@ IfT', <0, then

lg| <

(4= B)lb|
[1 -2+ 116" A(), - 1)Y,

(2.1)

(b) IfT,, =0, then
1 |(A-B)b—([n—1], — 1)B|
51 [1— 2+ [1,2] V- wn ([n]y — 1) (22)

() fI'y=0andT'y <0fork=23,..,j—2,

o] < 1 ﬁ|(A—B)b—([n—1]q—1)B|

= ~ 1M, : (2.3)
D= a4 1A (0 - DAY (tndy —1)
The bounds in (2.1) and (2.2) are sharp for all admissible 4, B, b € C\{0} and for each j.

Proof. Since f(z) € 7" (b; a1, by; q; A, B), the inequality (1.10) gives
|[]m+1(a1,b1; qu)f_J/'rln(allbl; qlz)fl

= {[(A - B)b + B]J}tn(alﬂbl; q'Z)f - BJ)an-l-l(al'bl; q,Z)f}W(Z) (24)

Equation (2.4) may be written as

z [1— 2+ [n],2]"A([n], — 1)Y,caz” (2.5)

— {(A-B)bz + z [(4=B)b — BA([n], = D][1 = 1+ [n]A]" Yacaz}w(2).
n=2
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Or equivalently

i [1 —A+[n ] ( — 1)Yncnzn + i d,z"

n=j+1
-1
= =Bbz+ Y [(4=B)b—BA(In], — D][1 =2+ [n],A] " Vacuz" fw(z),  (26)

for certain coefficients d,.Explicitly d, =[1+ (k— 1D)A]"A(k — DI'ya, —[(A—B)b —
B(k —2)A][1 + (k — 2)A™"Ty_1a5_12z" 1

Since |[w(z)| < 1, we have

z [1= 2+ 1A A([n], — 1)Yacoz" + i d,z"

n=j+1

- (2.7)
<|a-B)bz+ z [(A—B)b — BA([n], — D][1 = A+ [n],A]" Yacnz"
Let z = re®®,r < 1, applying the Parseval’s formula (see [5] p.138) on both sides of the above
inequality and after simple computation , we get
] o0
2m 2
D = A+ [l A" 2 ([, - 1) Ve P2+ Y 1y
n=2 n=j+1
< (A= B)2|b|2r? + z (A= B)b — BA([n], — 1) [1 = 2+ [n],] " Y2 |c, [2r?n.
Let r — 17, then on some simplification we obtain
, 2m , 2 2
[1-2+ 1,4 22(U), — 1) Yilg|” < (A4-B)?|b|?

2.8
+Z {la=Byb - Ba([n], — 1) = 22([nly — 1) }[1 = 2+ ] A] " Yilcal? 5 2%
n=2

For j = 2, it follows from (2.8) that

(A —B)|b|
|CZ| S m
[1-2+[2],4] A([2], —1)Y,
__@-B)b| 29)
[1+qAI™qAY, '
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Since
|(A—B)b — BA[n—1], — 1| = |(A— B)b — BA[n], — 1| — |B| = [n], — 2,
if A, =0 then A,_; =0 for n=2,3,... Again, if A, <0 then A,,;; <0 for n=23,..,
because
|(A—B)b — BA[n+ 1], — 1| < |(A— B)b — BA[n], — 1| + |B| = [n],.
If A, < 0, then from the above discussion we can conclude that An < 0 for all n > 2. It follows
from (2.8) that
| < (4 - B)Ibl (2.10)
[1 =2+ 11,217 AU, - 1)Y,

If I',_; = 0, then from the above observation, I';,I'3, ..., I;_, = 0. From (2.10), we infer that the

|5

inequality (2.2) is true for j = 2. We establish (2.2), by mathematical induction. Suppose (2.2) is
valid forn = 2,3, ..., (j — 1). Then it follows from (2.8) that

[1 =2+ [12] " 22(1j1, — 1) YP|g |’
< (A - B)?|b|?

-1
+ > {jca-Byb - B[], - V)|
n=2

— ([, — 1)1 = 2+ 1A Y2 el

j-1

< (A—B)?|b|? + Z {ica=Byb - BA([n], — )P = A2([n], — 1) H1 - 2+ [n],A]™"
n=2

1 |(A—B)b— ([k — 1], — 1)B|?
* [1-2+ [n],2 ]ZmYZ{)ln 1}21_[ ([n] —1)

Thus, we get

|(A — B)b ([n—1], — 1)B|
[1—,1+[] ,1] M- 1Y1_[ [n], — 1) ’

which completes the proof of (2.2).

Now if we assume that I', =0 and I',,,; <0 forn=23,...,j—2. Then I',,T'3,...,T,,_1 =0

and Ty4p, T3, .., Ij—2 < 0. Then (2.8) gives
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[1 =2+ [1,2] " 22([1, = 1) Y25 |
l

< (A-B)*|b|? + z {lca=Byb = BA([nl, — 1) = 22([nly — 1) }[1 = 2+ []gA] " Vi e, 2
n=2
j—1

+ Z {[ca=BYb = Ba([n], — 1)]” = 22([n, — 1)} [1 = 2+ (1, 2] " Y2 ley 1
k=l+1

l
< (A=BYIbP + ) [(A=B)b - BA([n], — DI[1 =2+ [1],2] " Vile, |2

On substituting upper estimates for a,, as, ..., a; obtained above and simplifying, we obtain

(2.3).Also, the bounds in (2.1) are sharp for the functions £, (z) given by

(A-B)b
z(1+ Bz)BrG&-1)  [f B # 0,

Ab

Ji' (a1, b1; q,2)f(2) =
& v ‘ zZ exp (mzk_l) ifB =0

The bounds in (2.2) are sharp for the functions f(z) given by

(A- B)b

™ ai by g, -] z(1+Bz) B ifB#0
Ia(erbi 4.2)f {Zexp(Abz) if B=0

Remark 2.1 Puttinggq — 17, r=2,s =1; a; = b;,a, =qand 1 =1 in Theorem 2.1, we get
the

result due to Attiya [3].
For a choice of the parameters a; = q%, b, = qﬁf,ai,ﬁj €Cp #0,-1,-2,..,(=1,.,rj=

1,..,s)and g = 17, Theorem 2.1 reduces to

Corollary 2.2 [13] Let the function f(z) defined by (1.1) be in the class ;" (b; aq, by; q; A, B).
Let A, =|(A—B)b—BA(n—1)| — A(n — 1) and also let

(@)k—1 - (aq)k—l

Y= B - Bk — DI

(a) If A, <0, then
(A—B)|b|
[1+ G = DA™AG - DY

|g| <
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If A, = 0, then

J
1
m(]' —_ 1)').]'_1‘}’- 1_[ I(A - B)b - (Tl - Z)Bl
. J n=2

IfA,=>0andT,; <O0fork =23,..,j

(©)
k+1

1
e e O TR 11 (A= B)b—(n—2)B|  (2.13)

The bounds in (2.11) and (2.12) are sharp for all admissible A, B, b € C\{0} and for each j

(b)
(2.12)

51 = T g=oa
-2,

IfweletA=1,r=2,s=1,a; =b;anda, =q,A=1and B =—M in Theorem 2.1,

we have
Corollary 2.3 [1] Let the function f(z) defined by (1.1) be in the class H™ (b; M). Let
_ 2u(n—1) Re (b)
(n—1201—-u) - |p?P(1+w)!

(forn=13,..,j—1).
(a) If  2u(n—1DRe{b}>n—-1)>*1A—-u)—

|b|?(1 +w), then, for j = 2,3,...,G + 2

4] < e 1)|H|(1+u)b+(n—2)u| (2.14)

andforj > G + 2
G+3

] < — H|(1+u)b+(n—2)u|
mG-D@G+ ol

If 2u(n—1Re{b}<(n—-1>*1A—-u)-

(b)
|b|?(1 + w), then
(1+wlb| .
|a,-|£ﬁ > 2. (2.15)

whereu =1—1M (M > —12).The inequalities (2.14) and (2.15) are sharp.
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3. A sufficient condition for a function to be in 7' (b; a4, by; q; A, B)
Theorem 3.1 Let the function f(z) defined by (1.1) and let

Z [1- 2+ [ A]" {A(In], — 1) + |4 = B)b — B([n], — 1)A|}Yalc,]

<(A-B)|b| (3.1
holds, then f(z) belongs to ;™ (b; aq, by; q; A, B).
Proof. Suppose that the inequality holds. Then we have for z € U

| m+1(alrb1; q,Z)f _Jﬁn(al'bl; q'Z)fl - I(A _B)b(j/qn(alrbl; CI'Z)f_
B[Jm+1(a1,b1; qiz)f_J;n(al'bl; q'z)f]l

oy z [1 =2+ [n]A]" A([n], — 1)Yncaz"| — |(A — B)b[z
+ z [1 -1+ A]mYncnz"]

— 32[1 A+, A" A([n], = 1) Yncnz|

< Yeo, [1=2+ m1, 2" (A([n], — 1) + |(A = B)b — B([n], — 1A} Y,lc ™ — (A —
B)|b|r.
Letting r — 17, then we have
|37 (a1, bi; 4.2)f =I5 (ag, bi; ¢, 2)f| = 1(A = B)bI} (ay, by; q,2)f —
B[Ji* (ay, by; q.2)f = I (a1, by; g, 2)f]|

Z [1-2+[n A] {A([nl; —1) + (A= B)b — B([n], — 1)A[}Y,|c,| — (A — B)|b|

<0.
Hence it follows that

|‘7j{l+1(a1rb1;qrz)f _ 1|
I3 (a1,b1; 4.2)f

B @benf 1 .
|[JT(a1,b1:q,Z)f 1= (A =Bb]

<1, z€el.
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Letting

Ji @b q2)f
J;Ln (al'bl; q,Z)f

I (a1.by; 4.2)f '
“————=— 11— (A—B)b
[ JT(a1,b1; q.2)f 1= )

w(z) =

then w(0) = 0, w(z) isanalytic in |z| < 1 and [w(z)| < 1. Hence we have
Ji(a,by; q,2)f 1+ [B+b(A—B)w(2)
Jit(ay, by; q,2)f - 1+ Bw(2)
which shows that f(z) belongs to 7, (b; a4, b1; q; A, B).

4. Subordination Results for the Class T3 (b; a4, by; q; A, B)

Definition 4.1 A sequence {by};—; of complex numbers is called a subordinating factor

sequence

if, whenever f(z) is analytic, univalent and convex in U, we have the subordination given by
Z beagzt < f(2)(z € U ay = 1). (4.1)
k=1

Lemma 4.1 [14]The sequence {b, };—1 is a subordinating factor sequence if and only if

Re{l +2 z bkzk} > 0(z € U). (4.2)

k=1

For convenience, we shall henceforth denote

op (b,A,m,ay,by, A, B) (4.3)
= [1 =2+ n],A]" (A([n], — 1) + (A - B)b

(a1; Dn-1(a2; Pn-1 - (@r; Pn—1

(q; Q)n—l (bl; Q)n—l (bs; Q)n—l

Let ;" (b; a1, by; q; A, B) denote the class of functions f(z) € A whose coefficients satisfy the
conditions (3.1). We note that ;™ (b; ay, by; q; A, B) € 7" (b; a1, by; q; A, B).

— B([n]g — 1)A1}

Theorem 4.2 Let the function f(z) defined by (1.1) be in the class 77" (b; a4, by; q; A, B) where

—1 < B <A < 1. Also let C denote the familiar class of functions /(z) € «#which are also
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univalent and convex in ZZ Then

g (b, A, maq,b1,A4,5)
2[(14 _E)lbl + Jg(b;j’mal,ﬁl;A;B)]

and

f*9)2)<g9(2)zeUgel)  (44)

(A_B)lél +Jg(b’j,ma1,ﬁ1:14:5)
gf (b, A, maq,b1,4,7)

o8 (6,4,may,01,4,5)
(U-B)b|+09 (b,4,mar,b1,4,5)]

Proof. Let /(2) € H} (4; a1, f1; 4, B) andlet g(z) =z + ¥%_, 6 ,2z% € C. Then

gf (b, A, maq,b1,4,7)
2[(A = B)| 4|+ a4 (6,4, may, by, A, B)]

(z eW). (4.5)

Re (F(2)) > -

is the best estimate.

The constant

/' *9)(2)

B gb (b, A, maq,b1,4,5)
2[4 -B)\b|+ 8L, A, may, by, A B)

(z + a,bpz").
] /Z:Z #9 k

Thus, by Definition 4.1, the assertion of the theorem will hold if the sequence

{ o8 (b, A, may,b1,A4,7) }
a
204 - BNo|+ (b, A, man b, A,5)] ),

[e¢]

is a subordinating factor sequence,with z; = 1. In view of Lemma 4.1, this will be true if and

only if

- 5,1, b1, AP

Re 1+2z o844 mayb.,4.5) 2,2*
,/(:12[(A—b’)|ﬁ|+JZ(b,j,mczl,ﬁ1,A,b’)]
>0 (ze€elW. (4.6)
Now
b, 4, b, AR -

Re {1 + i 4 may b4 5) apz*}

A=D1+ 46,4, marb,4,8) &

Jg(b,i,?ﬂ,dl,bl,A,B)
=NRe {1+ a
A—-R) b+ 8L, A, ma,,bq,4,5)

1
* Z 5,4, 01,4, 8 #
(A—B)lbl+J§’(b,j,77zal,blﬂ4,£)k=2 a4 ( may, 0, Ya 4z

1<
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7 +

- { o4 (b, A, maq,b1,A4,5)
- A-B) o+ 8D, A, maq,b41,4,5)

1
(4 =B b+ 56,4, ma, by, A4 5)|

> m(b,z,mal,ﬁl,A,b’)w/Ar"f}.
=2

Since 0% (6,4, m a4, 64,4, ) is areal increasing function of £ (£ = 2)

gf (b, A, maq,b1,4,F8
1_{ 1( 75 a1, 01 ) .

(A_B)lél + Jg(b)j;mal)bliA;B)

1
(4 =B b+ 56,4, ma, b, A4 5)|

> m(b,z.mal.ﬁl.A,ﬂ)m/Ar"f}
=2

S gf (b, A, maq,b41,4,7)
- 7
(A—B)bo|+ 8,4, may,b1,4,5)

N G2l
A-B) o+ 8D, A, maq,b41,4,5)
Thus (4.6) holds true in U. This proves the inequality (4.4). The inequality (4.5) follows by

r}=1—r > 0.

taking the convex function g(z) = é =z +Y%_, z% in (4.4). To prove the sharpness of the

a4 (6,4,may,61,4,5)

O T ey We consider £o(2) € H(b;ay, B A, ) given by

constant

_ U4-B)ls
g8 (b, A, maq,b1,4,5)

folz) =z z2(-1< B <A<,

Thus from (4.4), we have
g8 (b, A, maq,b41,4,5)
2[4 - )b+ g8 (b, 4, maq,b4,4,5)]
(4.7)

fol#) < T—.

It can be easily verified that

) g8 (b, A, maq,b1,4,75) __E
m'”{”"” <2[<A—b’>|b|+aw,z,mal,bl,A,B)]f°(Z))}‘ A

a4 (6,4, ma1,b1,4,5)
2AA-B) b\ +78 (b,4,mar,b1,4,58)]

This shows that the constant is best possible.
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Remark 4.1 By specializing the parameters, the above result reduces to various other results
obtained by

several authors.
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