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  Abstract  

  A subclass of starlike functions of complex order is 

defined using  𝑞-differential operator which unifies well-

known Dziok-Srivastava operator and Sălăgean 

differential operator. Coefficient inequalities, sufficient 

condition and an interesting subordination result are 

obtained. Finally, we give relevant connections of our 

main results with former results obtained by various other 

authors. 
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1. Introduction 

 We let 𝒜 to denote the class of all analytic function of the form  

𝑓 𝑧 = 𝑧 +   

∞

𝑛=2

𝑐𝑛𝑧𝑛                                         (1.1) 

in the open unit disc 𝒰 =    𝑧: 𝑧 ∈ ℂ; |𝑧| < 1 . Also we let 𝒮 to denote the subclass of 𝒜 which 

are analytic and univalent in 𝒰. We denote by 𝒮∗, 𝒞, 𝒦 and 𝒞∗ the familiar subclasses of 𝒜 

consisting of functions which are respectively starlike, convex, close-to-convex and quasi-

convex in 𝒰. For detailed study on the development of various studies on univalent function 

theory, we refer to [5, 8]. 

 

Let 𝑓(𝑧) and 𝑔(𝑧) be analytic in 𝒰. Then we say that the function 𝑓(𝑧) is subordinate to 𝑔(𝑧) in 

𝒰, if there exists an analytic function 𝑤(𝑧) in 𝒰 such that |𝑤(𝑧)| < |𝑧| and 𝑓(𝑧) = 𝑔(𝑤(𝑧)), 

denoted by 𝑓(𝑧) ≺ 𝑔(𝑧). If 𝑔(𝑧) is univalent in 𝒰, then the subordination is equivalent to 

𝑓(0) = 𝑔(0) and 𝑓(𝒰) ⊂ 𝑔(𝒰). 

In 1908, Jackson [9] reintroduced the Euler-Jackson 𝑞-difference operator 

𝐷𝑞𝑓 𝑧 =
𝑓 𝑧 − 𝑓 𝑞𝑧 

𝑧 1 − 𝑞 
 𝑧 ∈ 𝒰 −  0 ;  𝑞 ∈ ℂ\ 0  , 

where ℂ denotes the set of complex numbers. The limit as 𝑞 approaches 1− is the derivative 

lim
𝑞→1

𝐷𝑞𝑓(𝑧) = 𝑓 ′(𝑧),provided the derivative exists. For example,  

𝐷𝑞 𝑧𝛼 =
𝑧𝛼 −  𝑞𝑧 𝛼

𝑧 1 − 𝑞 
= [𝛼]𝑞𝑧𝛼−1, 𝛼 ∈ ℂ, 

where  

[𝑛]𝑞 =   

𝑛

𝑘=1

𝑞𝑘−1, [0]𝑞 = 0, 𝑞 ∈ ℂ. 

 

If 𝑓(𝑧) is of the form (1.1), a simple computation yields   

𝐷𝑞𝑓(𝑧) = 1 +   

∞

𝑛=2

[𝑛]𝑞𝑎𝑛𝑧𝑛−1, (𝑧 ∈ 𝒰),                                                 (1.2) 

and 𝐷𝑞𝑓(0) = 𝑓 ′(0), where 𝑞 ∈ (0,1). The application of 𝑞 −calculus was initiated by Jackson 

[9, 10]. He was the first to develop the 𝑞 −integral and 𝑞 −derivative in a systematic way. Later, 
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geometrical interpretation of the 𝑞 −analysis has been recognized through studies on quantum 

groups. Simply, the quantum calculus is ordinary classical calculus without the notion of limits. 

It defines 𝑞 −calculus and 𝑕 −calculus. Here 𝑕 ostensibly stands for Planck’s constant, while 𝑞 

stands for quantum. For study on the development of 𝑞-claculus in slow motion, we refer to [6]. 

And a comprehensive study on the applications of 𝑞 −calculus in the operator theory may be 

found in [2]. 

The 𝑞-hypergeometric series was developed by Heine as a generalization of the hypergeometric 

series 

  

2𝐹1 𝑎, 𝑏;  𝑐 𝑞, 𝑧 =   

∞

𝑛=0

(𝑎; 𝑞)𝑛(𝑏; 𝑞)𝑛

(𝑞; 𝑞)𝑛(𝑐; 𝑞)𝑛
𝑧𝑛                                               (1.3) 

where the 𝑞-shifted factorial is given by   

 (𝑎; 𝑞)𝑛 =  
1,                                          n = 0

 1 − 𝑎  1 − 𝑎𝑞 …  1 − 𝑎𝑞𝑛−1 , n = 1, 2, 3, …
.  

and it is assumed that 𝑐 ≠ 𝑞−𝑚  for 𝑚 = 0, 1, 2, ….  Generalizing the Heine’s series, we define 

r𝜙𝑠  the basic hypergeometric series by 

rφ
s

=  
 𝑎1; 𝑞 𝑛 𝑎2; 𝑞 𝑛  . . .  𝑎𝑟 ; 𝑞 𝑛

 𝑏1; 𝑞 𝑛 𝑏2; 𝑞 𝑛  . . .  𝑏𝑠; 𝑞 𝑛 𝑞; 𝑞 𝑛

∞

𝑛=0

  −1 𝑛𝑞
 
𝑛
2
 
 

1+𝑠−𝑟

𝑧𝑛              (1.4) 

with  
𝑛
2
 =

𝑛(𝑛−1)

2
, where 𝑞 ≠ 0 when 𝑟 > 𝑠 + 1. In (1.3) and (1.4), it is assumed that the 

parameters 𝑏1, 𝑏2, … , 𝑏𝑠 are such that the denominators factors in the terms of the series are never 

zero. 

 

For complex parameters 𝑎1, … , 𝑎𝑟and 𝑏1, … , 𝑏𝑠 𝛽𝑗 ∈ ℂ\ℤ0
−; ℤ0

− = 0, −1, −2, … ;  𝑗 = 1, … , 𝑠 , we 

define the generalized 𝑞-hypergeometric function 𝑟Ψ𝑠 𝑎1, … , 𝑎𝑟 ; 𝑏1, … , 𝑏𝑠;  𝑞, 𝑧  by   

𝑟Ψ𝑠 𝑎1, 𝑎2, … , 𝑎𝑞 ; 𝑏1, 𝑏2, … , 𝑏𝑠;  𝑞, 𝑧 =   

∞

𝑛=0

(𝑎1; 𝑞)𝑛(𝑎2; 𝑞)𝑛 … (𝑎𝑟 ; 𝑞)𝑛

(𝑞; 𝑞)𝑛(𝑏1; 𝑞)𝑛 … (𝑏𝑠; 𝑞)𝑛
𝑧𝑛 1.5  

  𝑟 = 𝑠 + 1;  𝑟, 𝑠 ∈ 𝒩0 = 𝒩 ∪  0 ;  𝑧 ∈ 𝒰 , 

 where 𝒩 denotes the set of positive integers. By using the ratio test, we should note that, if 

|𝑞| < 1, the series (1.5) converges absolutely for |𝑧| < 1 and 𝑟 = 𝑠 + 1. For more mathematical 

background of these functions, one may refer to [7]. 
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Corresponding to a function 𝒢𝑟,𝑠(𝑎𝑖 , 𝑏𝑗 ;  𝑞, 𝑧)(𝑖 = 1,2, … , 𝑟;  𝑗 = 1,2, … , 𝑠) defined by  

𝒢𝑟,𝑠 𝑎𝑖 , 𝑏𝑗 ;  𝑞, 𝑧 :

= 𝑧 𝑟Ψ𝑠 𝑎1, 𝑎2, … , 𝑎𝑟 ; 𝑏1, 𝑏2, … , 𝑏𝑠;  𝑞, 𝑧                                                            (1.6) 

 

We now define the following operator 𝒥𝜆
𝑚 (𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 ∶ 𝒰 ⟶ 𝒰 by  

𝒥𝜆
0(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓(𝑧) = 𝑓(𝑧) ∗ 𝒢𝑟,𝑠(𝑎𝑖 , 𝑏𝑗 ;  𝑞, 𝑧) 

𝒥𝜆
1 𝑎1, 𝑏1;  𝑞, 𝑧 𝑓 𝑧 

=  1 − 𝜆  𝑓 𝑧 ∗ 𝒢𝑟,𝑠 𝑎𝑖 , 𝑏𝑗 ;  𝑞, 𝑧  + 𝜆 𝑧𝐷𝑞  𝑓 𝑧 ∗ 𝒢𝑟,𝑠 𝑎𝑖 , 𝑏𝑗 ;  𝑞, 𝑧       (1.7)  

𝒥𝜆
𝑚  𝑎1, 𝑏1;  𝑞, 𝑧 𝑓 𝑧 

= 𝒥𝜆
1  𝒥𝜆

𝑚−1 𝑎1, 𝑏1;  𝑞, 𝑧 𝑓 𝑧                                                                              (1.8) 

 

If 𝑓 ∈ 𝒜1, then from (1.7) and (1.8) we may easily deduce that  

  

𝒥𝜆
𝑚 𝑎1, 𝑏1;  𝑞, 𝑧 𝑓

= 𝑧 +   

∞

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

Υ𝑛𝑐𝑛𝑧𝑛                                                                     (1.9) 

 𝑚 ∈ 𝑁0 = 𝑁 ∪  0  𝑎𝑛𝑑 𝜆 ≥ 0 , 

  where  

  

Υ𝑛 =
(𝑎1; 𝑞)𝑛−1(𝑎2; 𝑞)𝑛−1 … (𝑎𝑟 ; 𝑞)𝑛−1

(𝑞; 𝑞)𝑛−1(𝑏1; 𝑞)𝑛−1 … (𝑏𝑠; 𝑞)𝑛−1
,  |𝑞| < 1 . 

 

Remark 1.1 We note that the linear operator (1.9) is 𝑞-analogue of the operator defined by 

Selvaraj and Karthikeyan [12]. Here we list some special cases of the operator 𝒥λ
m (a1, b1;  q, z)f.   

1. For a choice of the parameter 𝑚 = 0, the 

operator 𝒥𝜆
0(𝛼1, 𝛽1)𝑓(𝑧) reduces to the 𝑞-analogue of Dziok- Srivastava operator [4].  

2. For 𝑎𝑖 = 𝑞𝛼𝑖 , 𝑏𝑗 = 𝑞𝛽𝑗 , 𝛼𝑖 , 𝛽𝑗 ∈ ℂ, 𝛽𝑗 ≠

0, −1, −2, … , (𝑖 = 1, … , 𝑟, 𝑗 = 1, … , 𝑠) and 𝑞 → 1−, we get the operator defined by Selvaraj and 

Karthikeyan [12]. 
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3. For 𝑚 = 0, 𝑎𝑖 = 𝑞𝛼𝑖 , 𝑏𝑗 = 𝑞𝛽𝑗 , 𝛼𝑖 , 𝛽𝑗 ∈ ℂ, 𝛽𝑗 ≠ 0, −1, −2, … , (𝑖 = 1, … , 𝑟, 𝑗 = 1, … , 𝑠) 

and𝑞 → 1−, we get the well-known and famous Dziok-Srivastava operator. 

4. For 𝑟 = 2, 𝑠 = 1; 𝑎1 = 𝑏1, 𝑎2 = 𝑞 and 𝜆 = 1, we get the 𝑞-analogue of the well 

knownSălăgean operator (see [11]).   

Also many (well known and new) integral and differential operators can be obtained by 

specializing the parameters.  

 

Using the operator 𝒥𝜆
𝑚 (𝑎1, 𝑏1;  𝑞, 𝑧)𝑓, we define 𝒯𝜆

𝑚(𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵) to be the class of 

functions 𝑓 ∈ 𝒜 satisfying the inequality  

1 +
1

𝑏
 
𝒥𝜆

𝑚+1(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓

𝒥𝜆
𝑚 (𝑎1, 𝑏1;  𝑞, 𝑧)𝑓

− 1 ≺
1 + 𝐴𝑧

1 + 𝐵𝑧
,    𝑧 ∈ 𝒰,                    (1.10) 

 where 𝑏 ∈ ℂ\{0}, 𝐴 and 𝐵 are arbitrary fixed numbers,−1 ≤ 𝐵 < 𝐴 ≤ 1, 𝑚 ∈ ℕ0. 

 

We note that by specializing 𝑚, 𝜆, 𝑟, 𝑠, 𝑎1, 𝑏1, 𝐴, 𝐵 in the function class𝒯𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵) , 

we obtain several well-known and new subclasses of analytic functions. Here we list a few of 

them:  

1. If we let 𝜆 = 1, 𝑟 = 2, 𝑠 = 1, 𝑎1 = 𝑏1𝑎2 = 𝑞 and 𝑞 → 1−, then the class 

𝒯𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵) reduces to the well- known class  

ℋ𝑚 (𝑏; 𝐴, 𝐵): = {𝑓: 𝑓 ∈ 𝒜, 1 +
1

𝑏
(
𝒟𝑚+1𝑓(𝑧)

𝒟𝑚𝑓(𝑧)
− 1) ≺

1 + 𝐴𝑧

1 + 𝐵𝑧
, 𝑧 ∈ 𝒰} 

where 𝒟𝑚𝑓 is the well- known Sălăgean operator. The class ℋ𝑚 (𝛿; 𝐴, 𝐵) was introduced and 

studied by Attiya in [3]. 

2.  For a choice of the parameter 𝜆 = 1, 𝑟 = 2, 𝑠 = 1, 𝑎1 = 𝑏1, 𝑎2 = 𝑞, 𝑞 → 1−, 𝐴 = 1 and 

𝐵 = −𝑀, the class 𝒯𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵) reduces to the class  

ℋ𝑚(𝑏; 𝑀): = {𝑓: 𝑓 ∈ 𝒜,  
𝑏 − 1 +

𝒟𝑚 +1𝑓(𝑧)

𝒟𝑚 𝑓(𝑧)

𝑏
− 𝑀 < 𝑀, 𝑧 ∈ 𝒰} 

where 𝑀 >
1

2
. The class ℋ𝑚 (𝑏; 𝑀) was introduced and studied by Aouf, Darwish and  Attiya in 

[1]. 

Apart from the above, several other well known and new classes of analytic functions can be 

obtained by specializing the parameters involved in the class 𝒯𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵). 
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2. Coefficient estimates 

Theorem 2.1 Let the function 𝑓(𝑧) defined by (1.1) be in the class 𝒯𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵) and 

let 𝛤𝑛 =   𝐴 − 𝐵 𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1  − 𝜆 [𝑛]𝑞 − 1 . 

 

(a)  If Γ2 ≤ 0, then   

 𝑐𝑗  ≤
 𝐴 − 𝐵  𝑏 

 1 − 𝜆 + [𝑗]𝑞𝜆 
𝑚

𝜆 [𝑗]𝑞 − 1 Υ𝑗

.                                                   (2.1) 

  

(b)   If Γ𝑛 ≥ 0, then  

 𝑐𝑗  ≤
1

 1 − 𝜆 + [𝑗]𝑞𝜆 
𝑚

𝜆𝑗−1Υ𝑗

  

𝑗

𝑛=2

  𝐴 − 𝐵 𝑏 −  [𝑛 − 1]𝑞 − 1 𝐵 

 [𝑛]𝑞 − 1 
                     (2.2) 

 

    (c)  If Γ𝑘 ≥ 0 and Γ𝑘+1 ≤ 0 for 𝑘 = 2,3, … , 𝑗 − 2,  

 𝑐𝑗  ≤
1

 1 − 𝜆 + [𝑗]𝑞𝜆 
𝑚

 [𝑗]𝑞 − 1 𝜆𝑗−1Υ𝑗

  

𝑘+1

𝑛=2

  𝐴 − 𝐵 𝑏 −  [𝑛 − 1]𝑞 − 1 𝐵 

 [𝑛]𝑞 − 1 
  (2.3) 

 The bounds in (2.1) and (2.2) are sharp for all admissible 𝐴, 𝐵, 𝑏 ∈ ℂ\{0} and for each 𝑗. 

 

Proof. Since 𝑓(𝑧) ∈ 𝒯𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵), the inequality (1.10) gives  

  

 𝒥𝜆
𝑚+1(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 − 𝒥𝜆

𝑚 (𝑎1, 𝑏1;  𝑞, 𝑧)𝑓  

   

=    𝐴 − 𝐵 𝑏 + 𝐵 𝒥𝜆
𝑚 𝑎1, 𝑏1;  𝑞, 𝑧 𝑓 − 𝐵𝒥𝜆

𝑚+1 𝑎1, 𝑏1;  𝑞, 𝑧 𝑓 𝑤 𝑧 .               (2.4) 

 

Equation (2.4) may be written as   

  

∞

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

𝜆 [𝑛]𝑞 − 1 Υ𝑛𝑐𝑛𝑧𝑛                                                                                          (2.5) 

= {(𝐴 − 𝐵)𝑏𝑧 +   

∞

𝑛=2

 (𝐴 − 𝐵)𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1   1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

Υ𝑛𝑐𝑛𝑧𝑛}𝑤(𝑧). 
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Or equivalently  

  

  

𝑗

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

𝜆 [𝑛]𝑞 − 1 Υ𝑛𝑐𝑛𝑧𝑛 +   

∞

𝑛=𝑗 +1

𝑑𝑛𝑧𝑛  

=   𝐴 − 𝐵 𝑏𝑧 +   

𝑗−1

𝑛=2

  𝐴 − 𝐵 𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1   1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

Υ𝑛𝑐𝑛𝑧𝑛 𝑤 𝑧 ,     (2.6) 

for certain coefficients 𝑑𝑛 .Explicitly 𝑑𝑛 = [1 + (𝑘 − 1)𝜆]𝑚𝜆(𝑘 − 1)Γ𝑘𝑎𝑘 − [(𝐴 − 𝐵)𝑏 −

𝐵(𝑘 − 2)𝜆][1 + (𝑘 − 2)𝜆]𝑚 Γ𝑘−1𝑎𝑘−1𝑧
−1. 

Since |𝑤(𝑧)| < 1, we have  

   

𝑗

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

𝜆 [𝑛]𝑞 − 1 Υ𝑛𝑐𝑛𝑧𝑛 +   

∞

𝑛=𝑗 +1

𝑑𝑛𝑧𝑛  

                                     ≤  (𝐴 − 𝐵)𝑏𝑧 +   

𝑗−1

𝑛=2

 (𝐴 − 𝐵)𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1   1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

Υ𝑛𝑐𝑛𝑧𝑛  .

    (2.7) 

Let 𝑧 = 𝑟𝑒𝑖𝜃 , 𝑟 < 1, applying the Parseval’s formula (see [5] p.138) on both sides of the above 

inequality and after simple computation , we get  

  

𝑗

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
2𝑚

𝜆2 [𝑛]𝑞 − 1 
2
Υ𝑛

2  𝑐𝑛  2𝑟2𝑛 +   

∞

𝑛=𝑗+1

 𝑑𝑛  2𝑟2𝑛  

              ≤ (𝐴 − 𝐵)2|𝑏|2𝑟2 +   

𝑗−1

𝑛=2

 (𝐴 − 𝐵)𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1  
2
 1 − 𝜆 + [𝑛]𝑞𝜆 

2𝑚
Υ𝑛

2  𝑐𝑛  2𝑟2𝑛 . 

 Let 𝑟 ⟶ 1−, then on some simplification we obtain  

 1 − 𝜆 + [𝑗]𝑞𝜆 
2𝑚

𝜆2 [𝑗]𝑞 − 1 
2
Υ𝑗

2 𝑐𝑗  
2

     ≤ (𝐴 − 𝐵)2|𝑏|2

             +   

𝑗−1

𝑛=2

   𝐴 − 𝐵 𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1  
2
− 𝜆2 [𝑛]𝑞 − 1 

2
  1 − 𝜆 + [𝑛]𝑞𝜆 

2𝑚
Υ𝑛

2  𝑐𝑛  2    𝑗 ≥ 2.
(2.8) 

For 𝑗 = 2, it follows from (2.8) that  

 𝑐2 ≤
 𝐴 − 𝐵  𝑏 

 1 − 𝜆 + [2]𝑞𝜆 
𝑚

𝜆 [2]𝑞 − 1 Υ2

=
 𝐴 − 𝐵  𝑏 

 1 + 𝑞𝜆 𝑚𝑞𝜆Υ2
.                                                              (2.9) 
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Since 

 (𝐴 − 𝐵)𝑏 − 𝐵𝜆[𝑛 − 1]𝑞 − 1 ≥  (𝐴 − 𝐵)𝑏 − 𝐵𝜆[𝑛]𝑞 − 1 − |𝐵| ≥ [𝑛]𝑞 − 2, 

if Λ𝑛 ≥ 0 then Λ𝑛−1 ≥ 0 for 𝑛 = 2,3, …. Again, if Λ𝑛 ≤ 0 then  Λ𝑛+1 ≤ 0 for 𝑛 = 2,3, …, 

because  

 (𝐴 − 𝐵)𝑏 − 𝐵𝜆[𝑛 + 1]𝑞 − 1 ≤  (𝐴 − 𝐵)𝑏 − 𝐵𝜆[𝑛]𝑞 − 1 + |𝐵| ≥ [𝑛]𝑞 . 

If Λ2 ≤ 0, then from the above discussion we can conclude that Λ𝑛 ≤ 0 for all 𝑛 > 2. It follows 

from (2.8) that  

 𝑐𝑗  ≤
 𝐴 − 𝐵  𝑏 

 1 − 𝜆 + [𝑗]𝑞𝜆 
𝑚

𝜆 [𝑗]𝑞 − 1 Υ𝑗

.                                                                             (2.10) 

If Γ𝑛−1 ≥ 0, then from the above observation, Γ2, Γ3, … , Γ𝑗−2 ≥ 0. From (2.10), we infer that the 

inequality (2.2) is true for 𝑗 = 2. We establish (2.2), by mathematical induction. Suppose (2.2) is 

valid for 𝑛 = 2,3, … , (𝑗 − 1). Then it follows from (2.8) that  

 1 − 𝜆 + [𝑗]𝑞𝜆 
2𝑚

𝜆2 [𝑗]𝑞 − 1 
2
Υ𝑗

2 𝑐𝑗  
2
 

≤ (𝐴 − 𝐵)2|𝑏|2

+   

𝑗−1

𝑛=2

  (𝐴 − 𝐵)𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1  
2

− 𝜆2 [𝑛]𝑞 − 1 
2
  1 − 𝜆 +  [𝑛]𝑞𝜆 

2𝑚
Υ𝑛

2  𝑐𝑛  2 

  

≤ (𝐴 − 𝐵)2|𝑏|2 +   

𝑗−1

𝑛=2

 |(𝐴 − 𝐵)𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1 ]2 − 𝜆2 [𝑛]𝑞 − 1 
2
  1 − 𝜆 +  [𝑛]𝑞𝜆 

2𝑚
Υ𝑛

2  

×  
1

 1 − 𝜆 + [𝑛]𝑞𝜆 
2𝑚

Υ𝑛
2 {𝜆𝑛−1}2

  

𝑛

𝑗 =2

|(𝐴 − 𝐵)𝑏 − ([𝑘 − 1]𝑞 − 1)𝐵|2

 [𝑛]𝑞 − 1 
2   

Thus, we get  

|𝑐𝑗 | ≤
1

 1 − 𝜆 + [𝑗]𝑞𝜆 
𝑚

𝜆𝑗−1Υ𝑗

  

𝑗

𝑛=2

|(𝐴 − 𝐵)𝑏 −  [𝑛 − 1]𝑞 − 1 𝐵|

 [𝑛]𝑞 − 1 
, 

 which completes the proof of (2.2). 

Now if we assume that Γ𝑛 ≥ 0 and Γ𝑛+1 ≤ 0 for 𝑛 = 2,3, … , 𝑗 − 2. Then Γ2, Γ3, … , Γ𝑛−1 ≥ 0 

and   Γ𝑛+2, Γ𝑛+3, … , Γ𝑗−2 ≤ 0. Then (2.8) gives  
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 1 − 𝜆 + [𝑗]𝑞𝜆 
2𝑚

𝜆2 [𝑗]𝑞 − 1 
2
Υ𝑗

2 𝑐𝑗  
2

≤ (𝐴 − 𝐵)2|𝑏|2 +   

𝑙

𝑛=2

  (𝐴 − 𝐵)𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1  
2
− 𝜆2 [𝑛]𝑞 − 1 

2
  1 − 𝜆 + [𝑛]𝑞𝜆 

2𝑚
Υ𝑛

2  𝑐𝑛  2

+   

𝑗−1

𝑘=𝑙+1

   𝐴 − 𝐵 𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1  
2
− 𝜆2 [𝑛]𝑞 − 1 

2
  1 − 𝜆 + [𝑛]𝑞𝜆 

2𝑚
Υ𝑛

2  𝑐𝑛  2

≤ (𝐴 − 𝐵)2|𝑏|2 +   

𝑙

𝑛=2

 (𝐴 − 𝐵)𝑏 − 𝐵𝜆 [𝑛]𝑞 − 1  
2
 1 − 𝜆 + [𝑛]𝑞𝜆 

2𝑚
Υ𝑛

2  𝑐𝑛  2.

 

 On substituting upper estimates for 𝑎2, 𝑎3, … , 𝑎𝑙  obtained above and simplifying, we obtain 

(2.3).Also, the bounds in (2.1) are sharp for the functions 𝑓𝑘(𝑧) given by   

𝒥𝜆
𝑚(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓𝑘(𝑧) =  

𝑧(1 + 𝐵𝑧)
 𝐴−𝐵 𝑏

𝐵𝜆  𝑘−1        𝑖𝑓 𝐵 ≠ 0,

𝑧 𝑒𝑥𝑝  
𝐴𝑏

𝜆 𝑘 − 1 
𝑧𝑘−1    𝑖𝑓 𝐵 = 0

  

The bounds in (2.2) are sharp for the functions 𝑓(𝑧) given by   

𝒥𝜆
𝑚 (𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 =  𝑧(1 + 𝐵𝑧)

 𝐴−𝐵 𝑏

𝐵 𝑖𝑓 𝐵 ≠ 0

𝑧 𝑒𝑥𝑝 𝐴𝑏𝑧              𝑖𝑓 𝐵 = 0
.  

 

 

Remark 2.1 Putting 𝑞 ⟶ 1−, 𝑟 = 2, 𝑠 = 1; 𝑎1 = 𝑏1, 𝑎2 = 𝑞 and 𝜆 = 1 in Theorem 2.1, we get 

the 

      result due to Attiya [3].  

For a choice of the parameters 𝑎𝑖 = 𝑞𝛼𝑖 , 𝑏𝑗 = 𝑞𝛽𝑗 , 𝛼𝑖 , 𝛽𝑗 ∈ ℂ, 𝛽𝑗 ≠ 0, −1, −2, … , (𝑖 = 1, … , 𝑟, 𝑗 =

                 1, … , 𝑠) and 𝑞 → 1−, Theorem 2.1 reduces to 

 

Corollary 2.2 [13] Let the function 𝑓(𝑧) defined by (1.1) be in the class 𝒯𝜆
𝑚(𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵). 

Let                 𝛬𝑛 =  (𝐴 − 𝐵)𝑏 − 𝐵𝜆 𝑛 − 1  − 𝜆 𝑛 − 1  and also let   

Ψ𝑘 =
(𝛼1)𝑘−1   … (𝛼𝑞)𝑘−1

(𝛽1)𝑘−1  … (𝛽𝑠)𝑘−1(𝑘 − 1)!
. 

 

(a) If Λ2 ≤ 0, then  

 𝑐𝑗  ≤
 𝐴 − 𝐵  𝑏 

 1 +  𝑗 − 1 𝜆 𝑚𝜆 𝑗 − 1 Ψ𝑗
.                                                     (2.11) 
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(b)  If Λ𝑛 ≥ 0, then  

 𝑐𝑗  ≤
1

 1 +  𝑗 − 1 𝜆 𝑚 𝑗 − 1 ! 𝜆𝑗−1Ψ𝑗
  

𝑗

𝑛=2

  𝐴 − 𝐵 𝑏 −  𝑛 − 2 𝐵                            (2.12) 

(c)  If Λ𝑘 ≥ 0 and Γ𝑘+1 ≤ 0 for 𝑘 = 2,3, … , 𝑗 − 2,  

 𝑐𝑗  ≤
1

 1 +  𝑗 − 1 𝜆 𝑚 𝑘 − 1 !  𝑗 − 1 𝜆𝑗−1Ψ𝑗
  

𝑘+1

𝑛=2

  𝐴 − 𝐵 𝑏 −  𝑛 − 2 𝐵        (2.13) 

 The bounds in (2.11) and (2.12) are sharp for all admissible 𝐴, 𝐵, 𝑏 ∈ ℂ\{0} and for each 𝑗. 

 

If we let 𝜆 = 1, 𝑟 = 2, 𝑠 = 1, 𝑎1 = 𝑏1 and 𝛼2 = 𝑞, 𝐴 = 1 and 𝐵 = −𝑀 in Theorem 2.1,  

we have 

Corollary 2.3 [1] Let the function 𝑓(𝑧) defined by (1.1) be in the class ℋ𝑚(𝑏; 𝑀). Let  

𝐺 =  
2𝑢(𝑛 − 1) 𝑅𝑒 (𝑏)

(𝑛 − 1)2(1 − 𝑢) − |𝑏|2(1 + 𝑢)
 , 

 (𝑓𝑜𝑟 𝑛 = 1,3, … , 𝑗 − 1). 

(a)   If 2𝑢(𝑛 − 1)𝑅𝑒 {𝑏} > (𝑛 − 1)2(1 − 𝑢) −

|𝑏|2(1 + 𝑢), then, for 𝑗 = 2,3, … , 𝐺 + 2 

 𝑎𝑗  ≤
1

𝑗𝑚 𝑗 − 1 !
  

𝑗

𝑛=2

  1 + 𝑢 𝑏 +  𝑛 − 2 𝑢                           (2.14) 

                                 and for 𝑗 > 𝐺 + 2  

|𝑎𝑗 | ≤
1

𝑗𝑚(𝑗 − 1)(𝐺 + 1)!
  

𝐺+3

𝑛=2

|(1 + 𝑢)𝑏 + (𝑛 − 2)𝑢| 

 

(b)   If 2𝑢(𝑛 − 1) 𝑅𝑒 {𝑏} ≤ (𝑛 − 1)2(1 − 𝑢) −

|𝑏|2(1 + 𝑢), then  

 𝑎𝑗  ≤
 1 + 𝑢  𝑏 

 𝑗 − 1 𝑗𝑚
    𝑗 ≥ 2.                                                   (2.15) 

 where 𝑢 = 1 − 1𝑀   𝑀 >  −12 .The inequalities (2.14) and (2.15) are sharp.  
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3. A sufficient condition for a function to be in 𝓣𝝀
𝒎(𝒃; 𝒂𝟏, 𝒃𝟏; 𝒒; 𝑨, 𝑩) 

Theorem 3.1 Let the function 𝑓(𝑧) defined by (1.1) and let  

 

  

∞

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

 𝜆 [𝑛]𝑞 − 1 +   𝐴 − 𝐵 𝑏 − 𝐵 [𝑛]𝑞 − 1 𝜆  Υ𝑛  𝑐𝑛  

≤  𝐴 − 𝐵  𝑏        (3.1) 

 holds, then 𝑓(𝑧) belongs to 𝒯𝜆
𝑚(𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵).  

Proof. Suppose that the inequality holds. Then we have for 𝑧 ∈ 𝒰 

  

 𝒥𝜆
𝑚+1(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 − 𝒥𝜆

𝑚(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 −  (𝐴 − 𝐵)𝑏𝒥𝜆
𝑚(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 −  

 𝐵 𝒥𝜆
𝑚+1(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 − 𝒥𝜆

𝑚 (𝑎1, 𝑏1;  𝑞, 𝑧)𝑓   

                  =  |   

∞

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

𝜆 [𝑛]𝑞 − 1 Υ𝑛𝑐𝑛𝑧𝑛 | − |(𝐴 − 𝐵)𝑏[𝑧

+   

∞

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

Υ𝑛𝑐𝑛𝑧𝑛 ]

−   𝐵   

∞

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

𝜆 [𝑛]𝑞 − 1 Υ𝑛𝑐𝑛𝑧𝑛 | 

  ≤     ∞
𝑛=2  1 − 𝜆 + [𝑛]𝑞𝜆 

𝑚
{𝜆 [𝑛]𝑞 − 1 + |(𝐴 − 𝐵)𝑏 − 𝐵 [𝑛]𝑞 − 1 𝜆|}Υ𝑛 |𝑐𝑛 |𝑟𝑛 − (𝐴 −

𝐵)|𝑏|𝑟. 

 Letting 𝑟 ⟶ 1−, then we have  

 𝒥𝜆
𝑚+1(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 − 𝒥𝜆

𝑚(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 −  (𝐴 − 𝐵)𝑏𝒥𝜆
𝑚(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 −  

  𝐵 𝒥𝜆
𝑚+1(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓 − 𝒥𝜆

𝑚(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓   

  ≤   

∞

𝑛=2

 1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

{𝜆 [𝑛]𝑞 − 1 + |(𝐴 − 𝐵)𝑏 − 𝐵 [𝑛]𝑞 − 1 𝜆|}Υ𝑛 |𝑐𝑛 | − (𝐴 − 𝐵)|𝑏|

≤ 0. 

Hence it follows that  

|
𝒥𝜆

𝑚 +1(𝑎1 ,𝑏1 ; 𝑞,𝑧)𝑓

𝒥𝜆
𝑚 (𝑎1 ,𝑏1; 𝑞,𝑧)𝑓

− 1|

|𝐵[
𝒥𝜆

𝑚 +1(𝑎1 ,𝑏1; 𝑞,𝑧)𝑓

𝒥𝜆
𝑚 (𝑎1 ,𝑏1 ; 𝑞,𝑧)𝑓

− 1] − (𝐴 − 𝐵)𝑏|
< 1,    𝑧 ∈ 𝒰. 
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 Letting  

𝑤(𝑧) =

𝒥𝜆
𝑚 +1(𝑎1 ,𝑏1 ; 𝑞,𝑧)𝑓

𝒥𝜆
𝑚 (𝑎1 ,𝑏1 ; 𝑞,𝑧)𝑓

− 1

𝐵[
𝒥𝜆

𝑚 +1(𝑎1 ,𝑏1 ; 𝑞,𝑧)𝑓

𝒥𝜆
𝑚 (𝑎1 ,𝑏1 ; 𝑞,𝑧)𝑓

− 1] − (𝐴 − 𝐵)𝑏
, 

 then 𝑤(0) = 0, 𝑤(𝑧) is analytic in |𝑧| < 1 and |𝑤(𝑧)| < 1. Hence we have   

𝒥𝜆
𝑚+1(𝑎1, 𝑏1;  𝑞, 𝑧)𝑓

𝒥𝜆
𝑚 (𝑎1, 𝑏1;  𝑞, 𝑧)𝑓

=
1 + [𝐵 + 𝑏(𝐴 − 𝐵)]𝑤(𝑧)

1 + 𝐵𝑤(𝑧)
 

which shows that 𝑓(𝑧) belongs to 𝒯𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵).  

4. Subordination Results for the Class 𝓣𝝀
𝒎(𝒃; 𝒂𝟏, 𝒃𝟏;  𝒒;  𝑨, 𝑩) 

 

Definition 4.1  A sequence {𝑏𝑘}𝑘=1
∞  of complex numbers is called a subordinating  factor 

sequence  

if, whenever 𝑓(𝑧) is analytic, univalent and convex in 𝒰, we have the subordination given by 

  

∞

𝑘=1

𝑏𝑘𝑎𝑘𝑧𝑘 ≺ 𝑓 𝑧  𝑧 ∈ 𝒰, 𝑎1 = 1 .                                                    (4.1) 

Lemma 4.1 [14]The sequence {𝑏𝑘}𝑘=1
∞  is a subordinating factor sequence if and only if  

  

𝑅𝑒  1 + 2   

∞

𝑘=1

𝑏𝑘𝑧𝑘 > 0 𝑧 ∈ 𝒰 .                                                    (4.2) 

 

For convenience, we shall henceforth denote     

       𝜎𝑘
𝑞 𝑏, 𝜆, 𝑚, 𝑎1, 𝑏1, 𝐴, 𝐵                                                                                                 (4.3) 

=  1 − 𝜆 + [𝑛]𝑞𝜆 
𝑚

{𝜆 [𝑛]𝑞 − 1 + |(𝐴 − 𝐵)𝑏

− 𝐵 [𝑛]𝑞 − 1 𝜆|}
(𝑎1; 𝑞)𝑛−1(𝑎2; 𝑞)𝑛−1 … (𝑎𝑟 ; 𝑞)𝑛−1

(𝑞; 𝑞)𝑛−1(𝑏1; 𝑞)𝑛−1 … (𝑏𝑠; 𝑞)𝑛−1
. 

Let 𝒯 𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵) denote the class of functions 𝑓(𝑧) ∈ 𝒜 whose coefficients satisfy the  

conditions (3.1). We note that 𝒯 𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵) ⊆ 𝒯𝜆

𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵). 

 

Theorem 4.2 Let the function 𝑓(𝑧) defined by (1.1) be in the class 𝒯 𝜆
𝑚 (𝑏; 𝑎1, 𝑏1;  𝑞;  𝐴, 𝐵) where  

 −1 ≤ 𝐵 < 𝐴 ≤ 1. Also let 𝒞 denote the familiar class of functions 𝑓 (𝑧 ) ∈ 𝒜 which are also  
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univalent and convex in 𝒰. Then  

𝜎 2
𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵 

2  𝐴 − 𝐵  𝑏  + 𝜎 2
𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵  

 𝑓 ∗ 𝑔   𝑧  ≺ 𝑔  𝑧   𝑧 ∈ 𝒰;  𝑔 ∈ 𝒞  ,          (4.4)    

and   

ℜ𝔢  𝑓  𝑧   > −
 𝐴 − 𝐵  𝑏  + 𝜎 2

𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵 

𝜎 2
𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵 

 𝑧 ∈ 𝒰 .                         (4.5) 

The constant 
𝜎 2

𝑞  𝑏 ,𝜆 ,𝑚,𝑎 1,𝑏 1,𝐴 ,𝐵 

2  𝐴−𝐵  𝑏  +𝜎 2
𝑞  𝑏 ,𝜆 ,𝑚,𝑎 1,𝑏 1,𝐴 ,𝐵  

is the best estimate. 

Proof. Let 𝑓 (𝑧 ) ∈ ℋ 𝜆
𝑚(𝑏 ; 𝛼 1, 𝛽 1; 𝐴 , 𝐵) and let 𝑔 (𝑧 ) = 𝑧 +   ∞

𝑘 =2 𝑏 𝑘 𝑧 𝑘 ∈ 𝒞 . Then  

𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

2[(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)]

(𝑓 ∗ 𝑔 )(𝑧 ) 

=
𝜎 2

𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

2[(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)]

(𝑧 +   

∞

𝑘 =2

𝑎 𝑘 𝑏 𝑘 𝑧 𝑘 ). 

 Thus, by Definition 4.1, the assertion of the theorem will hold if the sequence   

 
𝜎 2

𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

2[(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)]

𝑎 𝑘  
𝑘 =1

∞

 

is a subordinating factor sequence,with 𝑎 1 = 1. In view of Lemma 4.1, this will be true if and 

only if   

ℜ𝔢  1 + 2   

∞

𝑘 =1

𝜎 2
𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵 

2  𝐴 − 𝐵  𝑏  + 𝜎 2
𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵  

𝑎 𝑘 𝑧 𝑘  

> 0        𝑧 ∈ 𝒰 .              (4.6) 

 

 Now  

ℜ𝔢 {1 +
𝜎 2

𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

  

∞

𝑘 =1

𝑎 𝑘 𝑧 𝑘 } 

= ℜ𝔢  1 +
𝜎 2

𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

𝑎 1𝑧   

                +  1

(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

  

∞

𝑘 =2

𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)𝑎 𝑘 𝑧 𝑘   
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≥ 1 −   
𝜎 2

𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

  𝑟 +       

  

 1

|(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)|

  

∞

𝑘 =2

𝜎 𝑘 (𝑏 , 𝜆 , 𝑚, 𝛼 1, 𝛽 1, 𝐴 , 𝐵)|𝑎 𝑘 |𝑟 𝑘  . 

Since 𝜎 𝑘
𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵  is a real increasing function of 𝑘   𝑘 ≥ 2   

1 −   
𝜎 2

𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵 

 𝐴 − 𝐵  𝑏  + 𝜎 2
𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵 

 𝑟 +   

 1

|(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)|

  

∞

𝑘 =2

𝜎 𝑘 (𝑏 , 𝜆 , 𝑚, 𝛼 1, 𝛽 1, 𝐴 , 𝐵)|𝑎 𝑘 |𝑟 𝑘   

 

> 1 −  
𝜎 2

𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

𝑟

+
(𝐴 − 𝐵)|𝑏 |

(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

𝑟  = 1 − 𝑟 > 0. 

Thus (4.6) holds true in 𝒰. This proves the inequality (4.4). The inequality (4.5) follows by 

taking the convex function 𝑔 (𝑧 ) =
𝑧

1−𝑧
= 𝑧 +   ∞

𝑘 =2 𝑧 𝑘  in (4.4). To prove the sharpness of the 

constant 
𝜎 2

𝑞 (𝑏 ,𝜆 ,𝑚,𝑎 1,𝑏 1,𝐴 ,𝐵)

2[(𝐴−𝐵)|𝑏 |+𝜎 2
𝑞 (𝑏 ,𝜆 ,𝑚,𝑎 1,𝑏 1,𝐴 ,𝐵)]

, we consider 𝑓 0(𝑧 ) ∈ ℋ 𝜆
𝑚

(𝑏 ; 𝛼 1, 𝛽 1; 𝐴 , 𝐵) given by   

𝑓 0 𝑧  = 𝑧 −
 𝐴 − 𝐵  𝑏  

𝜎 2
𝑞  𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵 

𝑧 2(−1 ≤ 𝐵 < 𝐴 ≤ 1). 

 Thus from (4.4), we have   

𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

2[(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)]

𝑓 0(𝑧 ) ≺
𝑧

1 − 𝑧
. 

 (4.7) 

It can be easily verified that  

  

min  𝑅𝑒  
𝜎 2

𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)

2[(𝐴 − 𝐵)|𝑏 | + 𝜎 2
𝑞 (𝑏 , 𝜆 , 𝑚, 𝑎 1, 𝑏 1, 𝐴 , 𝐵)]

𝑓 0(𝑧 )  = −
1

2
(𝑧 ∈ 𝒰), 

This shows that the constant    
𝜎 2

𝑞 (𝑏 ,𝜆 ,𝑚,𝑎 1,𝑏 1,𝐴 ,𝐵)

2[(𝐴−𝐵)|𝑏 |+𝜎 2
𝑞 (𝑏 ,𝜆 ,𝑚,𝑎 1,𝑏 1,𝐴 ,𝐵)]

    is best possible.  
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Remark 4.1 By specializing the parameters, the above result reduces to various other results 

obtained by  

several authors. 
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